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Abstract. The generalized parallel sum of two monotone operators via a linear continuous mapping is denned 
as the inverse of the sum of the inverse of one of the operators and with inverse of the composition of the second 
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one with the linear continuous mapping. In this article, by assuming that the operators are maximal monotone 
of Gossez type (D), we provide sufficient conditions of both interiority- and closedness-type for guaranteeing that 
their generalized sum via a linear continuous mapping is maximal monotone of Gossez type (D), too. This result 
^vq | will follow as a particular instance of a more general one concerning the maximal monotonicity of Gossez type (D) 
of an extended parallel sum defined for the maximal monotone extensions of the two operators to the corresponding 
biduals. 
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CN ■ 1 Introduction and preliminaries 
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Having two nonempty sets A and B and a multivalued operator M : A =4 £?, we denote by G(M) = {(a, b) e 
A x B : b € M(a)} its graph and by M" 1 : B =t A the inverse operator of M, which is the multivalued operator 
, having as graph the set G(M~ 1 ) :— {(b, a) e B x A : (a, b) G G(M)}. When X is a real nonzero Banach space and 
X* its topological dual space, the parallel sum of two multivalued monotone operators S, T : X =4 X* is defined as 

S\\T : X =t X*, S\\T(x) := (S^ 1 + T _1 ) _1 (a;) Vx € X. 

This notion has been first considered in Hilbert spaces by Passty in |22] , where the interested reader can find some 
practical interpretations of this notion including some preliminary investigations on the maximal monotonicity of 
the parallel sum of two maximal monotone operators. The latter problem was also addressed in Hilbert spaces 
in [21] and in reflexive Banach spaces in [Tll2"B] , the weakest condition for the maximal monotonicity of the parallel 
sum available in the latter setting in the literature being recently introduced in |26) . Since S and T are maximal 
monotone if and only if their inverse S 1-1 and, respectively, T^ 1 are maximal monotone, the sufficient conditions 
for the maximal monotonicity of S\\T in reflexive Banach spaces can be gathered from the ones formulated for the 
maximal monotonicity of the sum of two maximal monotone operators, applied to S^ 1 + T _1 . 

When Y is another real nonzero Banach space with Y* its topological dual space, S : X =^ X* and T : Y =t Y* 
are two monotone operators and A : X — > Y is a linear continuous mapping with adjoint mapping A* : Y* — > X*, 
Penot and Zalinescu proposed in |26j the following generalized parallel sums of S and T defined via A 

S\\ A T : Y =t Y*, S\\ A T(y) := (AS- 1 A*+T- 1 y 1 (y) My eY 

and 
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S\\ A T :X^X*, S\\ A T(x) := (S*" 1 + (A*TA)~ 1 )~ 1 (x) Vir e X, 
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respectively. One can easily notice that when X — Y and A is the identity mapping on X, then they both collapse 
into S\\T. As the monotonicity of S and T gives rise to the same property for S\ \ A T and S\ \aT, the question of how 
to guarantee for these maximal monotonicity, provided that S and T are maximal monotone, comes automatically. 

This question was already addressed by Stephen Simons in |33j in general Banach spaces in what concerns the 
generalized parallel sum S'H^T. Under the assumption that S and T are maximal monotone operators of Gossez 
type (D), in the mentioned paper, interiority-type regularity conditions for ensuring that S'H^T is a maximal 
monotone operator of Gossez type (D), too, have been formulated. Due to its nature, at least in reflexive spaces, 
statements on the maximal monotonicity of the parallel sum SH^T and corresponding inferiority- and closedness- 
type regularity conditions can be derived from the statements given in the literature for the sum of a monotone 
operator with the composition of a second one with a linear continuous mapping (see [5ll6|l27]). 

On the other hand, the approach suggested above for 5|| A T, regarding the direct derivation of sufficient condi- 
tions for maximal monotonicity from the already existent ones, cannot be applied to S^I^T accordingly. This fact 
represented the starting point of the investigations made in this paper, where we want to provide interiority- and 
closedness-type regularity conditions for the maximal monotonicity of Gossez type (D) of S\ \aT, whenever S and 
T are maximal monotone operators of Gossez type (D). 

The outline of the paper is the following. In the remaining of this section we recall some elements of convex 
analysis and introduce the necessary apparatus of notions and results referring to monotone operators in general 
Banach spaces. In Section 2 we investigate the fulfilment in an exact sense of a generalized bivariate infimal 
convolution formula for which we provide, by making use of a special conjugate formula, equivalent closedness-type 
conditions, but also sufficient interiority-type ones. This formula represents the premise for ensuring in Section 
3 maximal monotonicity of Gossez type (D) of a generalized parallel sum of the maximal monotone operators of 
Gossez type (D) S and T, defined by making use of their extensions to the corresponding biduals. The maximal 
monotonicity of Gossez type (D) of S'HaT will follow as a particular instance of this general result. A special 
attention will be also given to the formulation of further sufficient conditions for the interiority-type regularity 
condition and to the situation when these became equivalent. Finally, in Section 4, some particular instances, to 
which the general results on the maximal monotonicity of S^I^T give rise, are considered. 

1.1 Elements of convex analysis 

Let X a real separated locally convex space and X* its topological dual space. We denote by w(X, X*) (or, for 
short, w) the weak topology on X induced by X* and by w(X*,X) (or, for short, w*) the weak* topology on X* 
induced by X. We denote by (x* , x) the value of the continuous linear functional x* el* at x £ X. For a given 
set D C X, we denote by coD,aff D,intD and cl-D, its convex hull, affine hull, interior and closure, respectively. 
When ZCXisa given set we say that D is closed regarding the set Z if cl D n Z = D l~l Z. The conic hull of the 
set D will be denoted by coneD = Ua>oAZ?, while its relative interior is defined as (see |40| ) 

. „ _ ( rint_D, if aff D is a closed set, 
1 0, otherwise, 

where rintl? := int a ffD-D. The algebraic interior (or core) of D is the set (see |15U29[ l40]) 

coreZ? = {ue X\Vx e X 3d > such that VA G [0, S] : u + Xx G D}, 

while its relative algebraic interior (or intrinsic core) is the set (see |15U40| ) 

icr D = {u G X\ Vx G aff (D - D) 36 > such that VA G [0, 6] : u + \x G D}. 

One always has that rintD C icrD. The intrinsic relative algebraic interior of D (see [40,41) is defined as 

icjj _ ( i° r D, if aff D is a closed set, 
1 0, otherwise. 

Thus we have, in general, that 

ri£>C ic L>. (1) 
In the case when D is a convex set, the above generalized interiority notions can be characterized as follows: 

• coreD = {x e D : cone(L> - x) = X} (see [SHED]); 

• icr D — {x £ D : cone(£> — x) is a linear subspace of X} (see [15ll40| ); 

• 10 D = {x G D : cone(Z? — x) is a closed linear subspace of X} (see [40ll4Tj ): 



2 



• x G ic D if and only if x € icr D and aff(Z? — x) is a closed linear subspace of X (see [401141]) 
and we have the following inclusions 

int D C core DC ic DC icr DCD, (2) 

they being in general strict. 

When Y is another real separated locally convex space and A : X — 5- Y a linear continuous mapping we consider 
the following notation A x := {(x, Ax) : x £ X}, which becomes when A = idx '■ X — > X with idx{x) — x for all 
x £ X (the identity mapping on X) the diagonal subspace Ax '■= {(x,x) : x £ X} of X x X. The following result, 
which is of interest independently of the purposes of this article, will play an important role in the sequel. 

Lemma 1.1. Let X and Y be separated locally convex spaces, U C X and V C Y two given convex sets and 
A : X — > Y a linear continuous mapping. Then it holds 

(0, 0) e ic (U x V - A x ) «0e ic (V - A(U)). 

Proof. In the proof we use the following two characterizations: 

(0, 0) G ic (U x V - A x ) & C := cone (U x V - A x ) is a closed linear subspace oflxY" 

and 

€ ic (V - A(U)) D := cone(V - A(U)) is a closed linear subspace of Y. 

" =>■ " Suppose that C is a closed linear subspace. Since U and V are convex sets, one has that D is a convex 
cone. In order to proof that D is a linear subspace, we show that —DCD. Take an arbitrary d £ D. Thus 
d = a{v — Au) for a > 0, u 6 {/ and w G V, hence (0, d) = (a(u — u), a(v — Au)) — a((u, v) — (u, Au)) G C. But C 
is a linear space, hence (0, — d) G C, that is (0, — d) = v\) — (a;, Ax)), with f3 > 0, iti G U, v\ G and x G X. 

It results that u\ — x = 0, hence x = u\ G J7. Thus — d = /3(«i — Ami) with j3 > 0, Mi G U, V\ G V, hence — rf G -D. 

We prove next that D is closed and consider therefore an arbitrary element d G clD. Thus there exist (A a ) aS 3 C 
K+, (u a )ae3 C [/ and (w Q ) Q ejf C such that d a — \ a {v a — Au a ) — > d. But (0,d a ) G C for all a G 3 and C is 
closed, thus (0, d) = 0{u — x, v — Ax), with j3 > 0, u £ U, v £ V and x £ X. Hence, x = u £ U and, consequently, 
d = (i(v- Au) £ D. 

" <= " Suppose now that D is a closed linear subspace. The convexity of the sets U and V guarantees that C is a 
convex cone. Next we prove that — C C C and consider to this end an arbitrary c £ C. Thus c = a(u — x, v — Ax), 
with a > 0, u £ U, v £ V, x G X. Hence, c = a(0,v — Au) + a(u — x,A(u — x)). Obviously, a(v — Au) £ D 
and since D is a linear space, we have — a(v — Au) — f3(vi — Au\), with /3 > 0, u\ £ U and v\ £ V. Thus 

— c = j3(0,vi — Aui) — a(u — x, A{u — x)) = p(u\ — (u\ + a//3(u — x)), Vi — A(u\ + a//3(u — x))^ G C. 

In order to show that C is closed we consider an element c := (ci , Ca) G cl C and show that c £ C. Thus there exist 

(A a ) a e3 C R + , (u Q ) Q(E 3 C {/, (v a ) ae o C V and (x Q ) Qe 3 C X such that c Q = A — Ax a ) > C = (ci,C 2 ). 

Obviously, \ a {u a —x a ) — > c\, hence A a A(u a —x a ) — y Ac\ and from here we obtain that \ a (v a — Au a ) — > c%—Ac\. 
But \ a (v a — Au a ) £ D for all a £ 3 and D is closed, hence c 2 — Ac\ = (3(v — Au), with j3 > 0, u £ U and v £ V. 

Thus (ci, c 2 ) = — (u — l//3ci), u — A(u — l//3cij \ £ C and this concludes the proof. □ 
The indicator function of a set D C X is defined as <5q : X — > t:=RU {±00}, 

5 (x) = 1 °' if 1 G 
D ^ ' y +00, otherwise. 

For E and -F two nonempty sets we consider the projection operator pr B : E x f -> £. pr B (e, /) = e for all 
(e, f) £ E x F. For G and _ff two further nonempty sets and k : E —> G and I : F — > H two given functions we 
denote by kxl : ExF^-GxH the function defined as k x lie, f) = (k(e), 1(f)) for all (e, f) £ Ex F. Throughout 
the paper, when an infimum is attained we write min instead of inf. 

Having a function / : X — > R we denote its domain by dom/ = {x G X : f(x) < +00} and its epigraph by 
epi/ = {(x,r) £ X xR: f(x) < r}. We call / proper if dom / ^ and f(x) > -00 for all x € X. By cl / : X -> M 
we denote the lower semicontinuous hull of /, namely the function whose epigraph is the closure of epi/, that is 
epi(cl/) = cl(epi/). We consider also co/ : X — > R, the convex hull of /, which is the greatest convex function 
majorized by /. For x £ X such that /(x) G R we define the subdifferential of / at x by 

df(x) = {x* £ X* : f(y) - f{x) > (x* , y - x) Vy G X}. 
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When f(x) G {±00} we take by convention df(x) = 0. 

The Fenchel-Moreau conjugate of / is the function /* : X* — > R defined by 

r(x*) = sup{(x*,x)-f(x)}Vx* eX*. 

One always has the Young-Fenchel inequality 

f*{x*) + f(x) > (x*,x) VxeXVx* EX*. 

Consider Y another separated locally convex space and a mapping h : X — > Y. We denote by h(D) = {h(x) : 
x G D} the image of a set D C X through h and by h~ 1 (E) — {x G X : h(x) G E} the inverse of a set E C Y 
through h. 

For A : X — 5- Y a linear continuous mapping, Im^4 := A(X) denotes the image space of A, while its adjoint 
operator A* : Y* — > X* is defined by (A*y*,x) = (y*,Ax) for all y* € Y* and x G X. When X and Y are normed 
spaces, the biadjoint operator of A, A** : X** — > Y**, is defined as being the adjoint operator of A*. 

1.2 Monotone operators in general Banach spaces 

Consider further X a nonzero real Banach space, X* its topological dual space and X** its topological bidual space. 
Throughout the paper we identify X with its image under the canonical injection of X into X** . A multivalued 
operator S : X =4 X* is said to be monotone if 

(y* — x* , y — x) > 0, whenever y* G S(y) and x* G S(x). 

A monotone operator S is called maximal monotone if its graph G(S) is not properly contained in the graph of 
any other monotone operator 5" : X =4 X*. For the operator S we consider also its domain D(S) := {x G X : 
S(x) 7^ 0} = pr^ (G(iS')) and its range R(S) := U^ex-S^a;) = P^x* The most prominent example of a 

maximal monotone operator is the subdifferential of a proper, convex and lower semicontinuous function (see }30j). 
However, there exist maximal monotone operators which are not subdifferentials (see |3i p 32 | ). 

To an arbitrary monotone operator S : X =4 X* we associate the Fitzpatrick function Lps : X x X* — > R, 
defined by 

(f S (x,x*) = sup{(y*,x) + (x*,y) - (y*,y) : y* € S(y)}, 

which is obviously convex and weakxweak* lower semicontinuous. Introduced by Fitzpatrick in 1988 (see and 
rediscovered after some years in 10.21) . it proved to be very important in the theory of maximal monotone operators, 
revealing important connections between convex analysis and monotone operators (sec [2- 10,19, 23 26 , 31 , 35 , 36 , 39 
and the references therein). 

Denoting by c : X x X* — >• R, c(x,x*) = (x*,x) for all (x,x*) G X x X* the coupling function of X x X*, 
one can easily show that ip s (x,x*) = c* s (x*,x) for all (x,x*) e X x X*, where : X x X* -> R, cs = c + S G ( S )- 
Well-linked to the Fitzpatrick function is the function ipg : X x X* —> R, ips — Ci ||-||x||-||» ( coc s)> where the closure 
is taken in the strong topology of X x X* . For all (x, x*) £ X x X* we have ip*j(x*,x) = <fs(x, x*), while when X 
is a reflexive Banach space the equality <p* s (x*,x) = i^s(x,x*) holds (see |T0l Remark 5.4]). The most important 
properties of the Fitzpatrick function of a maximal monotone operator follow. 

Lemma 1.2. (see JTTj) Let S : X =4 X* be a maximal monotone operator. Then 

(i) fs{x, x*) > (x*, x) for all (x, x*) G X x X* , 

(11) G(S) = {{x,x*) G X x X* : ip s (x,x*) = (x*,x)}. 

They gave rise to the following notion introduced in connection to a monotone operator. 

Definition 1.1. For S : X =4 X* a monotone operator, we call representative function of S a convex and lower 
semicontinuous (in the strong topology of X x X* ) function hs : X x X* — > R fulfilling 

hs > c and G(S) C {(x,!*) G X x X* : h s (x,x*) = (x*,x)}. 

If G(S) ^ (which is the case when 5* is maximal monotone), then every representative function of S is proper. 
Obviously, the Fitzpatrick function associated to a maximal monotone operator is a representative function of 
the operator. From [10] we have the following properties for the representative function of a maximal monotone 
operator. 



4 



Proposition 1.1. Let S : X =5 X* be a maximal monotone operator and hs be a representative function of S . 
Then the following statements are true: 

(i) (ps <h s < ip s ; 

(ii) the function (x,x*) i— > h* s (x* ,x) is also a representative function of S; 

ftii) {(x,x*) G X x X* : h s (x,x*) = (x*,x)} = {(x,x*) e X x X* : h* s (x*,x) = (x*,x)} = G(S). 

By Proposition 11.11 it follows that a convex and lower semicontinuous function / : X x X* — > R is a repre- 
sentative function of the maximal monotone operator S if and only if ip$ < / < ips, in particular, (ps and tps 
are representative functions of S. Let us also notice that if / : X — > R is a proper, convex and lower semicon- 
tinuous function, then a representative function of the maximal monotone operator df : X X* is the function 
(x,x*) I-?- f(x) + f*(x*). Moreover, according to Theorem 3.1] (see also [23j Example 3]), if / is a sublinear and 
lower semicontinuous function, then the operator df : X =4 X* has a unique representative function, namely the 
function (x,x*) f(x) + f*(x*). For more on the properties of representative functions we refer to [3lfl"0 ] [T9 l l26] 
and the references therein. 

Next we give a maximality criteria for a monotone operator valid in reflexive Banach spaces (cf. [51 Theorem 
3.1] and [26l Proposition 2.1]; see also [32] for other maximality criteria in reflexive spaces). 

Theorem 1.1. Let X be a reflexive Banach space and f : X X X* — > R a proper, convex and lower semicontinuous 
function such that f > c. Then the operator whose graph is the set {(x,x*) G X x X* : f(x,x*) = (x*,x)} is 
maximal monotone if and only if f*(x*,x) > (x* , x) for all (x, x*) G X x X* . 

For the following generalization of this result to general Banach spaces we refer to jTTl Theorem 4.2]. 

Theorem 1.2. Let X be a nonzero Banach space and f : X x X* — > R a proper, convex and lower semicontinuous 
function such that f > c and f*(x*,x**) > (x**,x*) for all (x*,x**) G X* x X** . Then the operator whose graph 
is the set {(x,x*) *E X x X* : f(x,x*) = (x*,x)} is maximal monotone and it holds {(x,x*) G X x X* : f(x,x*) — 
(x*,x)} = {(x,x*) G X x X* : f*(x*,x) = (x*,x)}. 

In the last part of this section we turn our attention to a particular class of maximal monotone operators on 
general Banach spaces. 

Definition 1.2. (see fTJV) Let S : X =$ X* be a maximal monotone operator. 

(a) Gossez's monotone closure of S is the operator S : X** X* whose graph is 

G(S) = {(x**,x*) G X** x X* : (x** -y,x* - y*) > V(y,y*) G G(S)}. 

(b) The operator S : X =^ X* is said to be of Gossez type (D) if for any (x**,x*) G G(S) there exists a bounded 
net {(x a , x* a )}aG3 ^ G{S) which converges to (x**,x*) in the w* x || • W^-topology of X** x X* . 

Gossez proved in j!3) that a maximal monotone operator S : X X* of Gossez type (D) has a unique 
maximal monotone extension to the bidual, namely, its Gossez's monotone closure S : X** =J X*. The following 
characterization of the maximal monotone operators of Gossez type (D) was recently provided in [18] (see also [16]). 

Theorem 1.3. Let X be a nonzero real Banach space and S : X X* a maximal monotone operator. The 
following statements are equivalent: 

(a) S is of Gossez type (D); 

(b) S is of Simons negative infimum type (NI) (see \34\ ), namely 

inf (y-x**,y* - x*) < V(x*,x**) G X* x X**: 

(c) there exists a representative function h$ of S such that 

h* s (x*,x**) > (x**,x*) V(x*,x**) e X* x X**; 

(d) for every representative function hs of S one has 

h* s {x*,x**) > (x**,x*) V{x*,x**) G X* x X**. 

A representative function h$ of a maximal monotone operator S : X =4 X* fulfilling the inequality in the item 
(c) (or (d)) of the above theorem is called strong representative function of S (see [37]). The Fitzpatrick function 
(fs of a maximal monotone operator S : X =4 X* of Gossez type (D) is a strong representative function and 
one has <p-§\xxX' — </?s- When hs : X x X* — > R is a representative function of a maximal monotone operator 
of Gossez type (D) S : X =4 X* , then h* s : X* x X** — >• R is a representative function of the inverse operator 
S 1 : X* —> X** of Gossez's monotone closure S of S (for these statements we refer the reader to [IS]). 
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2 A generalized bivariate infimal convolution formula 

In this section we provide, by making use of an appropriate conjugate formula, sufficient conditions for an extended 
bivariate infimal convolution formula, which we use in the sequel. 

2.1 An useful conjugate formula 

Let X, Y, Z be real separated locally convex spaces with topological duals X* , Y* and Z* , respectively. 

Theorem 2.1. Let f : X — > R and g : Y — >■ R be proper, convex and lower semicontinuous functions and 
A : Z — >■ X and B : Z — > Y be linear continuous mappings such that A _1 (dom /) n B~ 1 (domg) ^ 0. 

(a) For every set U C Z* the following statements are equivalent: 

(i) The set {(A*x* + B*y*,r) :r£ R,f*(x*) + g*(y*) < r} is closed regarding U x R in (Z* , w*) x R; 
(ii) (f o A + go B)*(z*) = mm{f*(x*)+g*{y*) : (x*,y*) G X* x Y*,A*x* + B*y* = z*} for all z* e U. 

(b ) If X,Y and Z are Frechet spaces and 

(0,0) G ic (dom/ x dom g — (A x B)(A Z )), 
then the statements (i) and (ii) are valid for every U C Z* . 
Proof, (a) Consider an arbitrary set U C Z* and the perturbation function 

<i> : Z x X xY — >W, $(z, x, y) = f(Az + x) + g(Bz + y), 
which is proper, convex and lower semicontinuous and fulfills 

(0,0) G pr Xx y(dom<f>) = dom / x doing - (A x B)(A Z ). 
Its conjugate function looks for all (z*,x*,y*) G Z* x X* x Y* like 

<S>*{z*,x*,y*) = 5 {0} (z* - A*x* - B*y*) + f* (x*) + g*(y*). 
Thus (ii) is nothing else than 

($(-,0,0))*(z*) = min <$>*{z*,x*,y*) Vz* G U. 

(i*,f)eX'xF* 

According to [SJ Theorem 2] , this is further equivalent to 

pr z , xR (epi$*) is closed regarding U x R in (Z*,w*) x R. (3) 
As one can easily see, it holds 

prz-x R (epi$*) = {(A*x* + B*y*,r) : /* (x* ) + g* (y* ) < r} 

and in this way the equivalence (i)'O-(ii) is proven. 

(b) Since X, Y and Z are Frechet spaces and (0,0) G 10 (pr XxF (dom <&)) , by [101 Corollary 2.7.3] it follows that 
for all z* G Z* 

($(-,0,0))*(z*) = min <P*{z*,x*,y*) 

(x* ,y')eX'xY* 

or, equivalent ly, 

(foA + goB)*(z*) = mm{f*(x*)+g*(y*) : (x*,y*) G X* x Y*,A*x*+B*y* = z*}, 

which concludes the proof. □ 

Remark 2.1. In the hypotheses of Theorem 12. 1 [ when X, Y and Z are Frechet spaces, then, according to 
Proposition 2.7.2], 

ic (dom/ x dom g - (Ax B)(A Z )) = ri(dom/ x domg- (A x B)(A Z )). 
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Remark 2.2. We refer the reader to [4] for examples where, even X, Y and Z are finite dimensional spaces, the 
statements (i) and (ii) in Theorem l2.1f a) are fulfilled, while the inferiority- type condition in Theorem 12. if b) fails. 

Remark 2.3. According to the previous theorem, one obtains when Z = X, A = idx and X and Y are Frechet 
spaces as a sufficient condition for the exact conjugate formula 

(f + go B)*(z*) = min{/*(z* - B*y*) + g*(y*) : y* G Y*} Vz* G X* (4) 

the inferiority-type condition 

(0,0) G ic (dom/ x doing - Af). 
Via Lemma lf.il it follows that this is nothing else than 

0G ic (dom 5 - J B(dom/)), 

which is a regularity condition for that has been already considered in literature (see, for instance, [4"0"]). 

2.2 A bivariate infimal convolution formula adequate for the generalized parallel 
sum 

Let X and Y be two Banach spaces with X* and Y* their topological dual spaces and X** and Y** their topological 
bidual spaces, respectively. Further, let / : X x X* — > K and g : Y x Y* — > R be two given functions and 
A : X — > Y a linear continuous mapping. In this subsection we deal with the following extended bivariate infimal 
convolutions f Of g : X x X* — ► R, 

(/ Of g)(x,x*) = ini{f(u,x*) + g{Aw,v*) : u,w G X,v* G Y* ,u + w = x, A*v* = x*}, 

and /* Of 9* ■ X* x X** — > R, 

U O2 9 H 2 - > x ) = m H/ (x , u ) + 3 (u , A w ) : u ,w € X ,v G Y , it + w = a: , A v — x ), 

respectively. By making use of Theorem 12.11 we can prove the following result. 



Theorem 2.2. Assume that f : X x X* — > R and g : Y x Y* — > R are proper, convex and lower semicontinuous 
functions such that domg x pr^, (dom /) Dim A x Ay, 7^ 0. 

(a) The following statements are equivalent: 

(i) The set {(u* , A*v*, A**u** +v**,r) : r G R,/*(u*,u**) + g*{v*,v**) < r} is closed regarding Ax* x 
ImA** x R in (X*,w*) x (X*,w*) x (Y**,w*) x R; 

(H) (f Of 9)*( X *7 X **) = (/* Of 9*)( x *i x **) an d f* Of 9* is exact (that is, the infimum in the definition 
°f if* Of 9*)( x * 1 x **) * s attained) for every (x* , x**) G X* x X** . 



(b) V 

(0,0,0) G ic (doing x pr x , (dom/) - ImA x A y . 
i/ien the statements (i) and (ii) are true. 



Proof. Consider the proper, convex and lower semicontinuous functions F : X x X x X* — > R, F(u, w, u*) = 
f{u,u*) and G : X x Y x Y* — ► R, G(u,v,v*) — g(v,v*) and the linear continuous mappings M : X x X x 
y* -» X x X x X*, M = id x x id x xA*, and N : X x X x Y* -» X x Y x F*, AT = id x xA x idy*. Since 
dom.g x pr x , (dom /) n ImA x Af", ^ 0, we obtain that M _1 (domF) n Ar _1 (domG) ^ 0. 

(a) According to Theorem 12.1 f a), applied for U := Ax* X ImA** C X* x X* x F**, we have that 

{(M*(ut,w*,u**) + N*(u* 2 ,v*,v**),r) : r G R, F*(ut , w* , u**) + G* {u* 2l v* ,v**) < r} is closed regarding , . 
Ax* x ImA** x R in (X*,w*) x (X*,w*) x (Y**,w*) x R ~ 

if and only if 

(F o M + G o N)*(x* ,x* ,A**x**) = 
min {F*(u£,u;*,u**) +G*(u;,w*,w**) : M*(m*, w* , u**) + N* (u*, v* , v**) = {x*,x*, A**x**)} 

,u**)ex* xx* xx*» 
(tiJ,ti*,»")£X*xl'*xy** 

for all (a;*, a;**) G X* x X**. 

(6) 
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Since F*{u* 7 w*,u**) = 5 {0} (w*) + f* (u* ,«**) for all {u*,w*,u**) € rxl*xr' and G*(w*, v* , v**) = 5 {0} {u*) + 
g*(v*,v**) for all (u*,v*,v**) E X* x Y* x y**, one can easily see that 

{(M*«,w*,u**) + N*(u 2 ,v*,v**),r) : r E R, F* (u{,w* ,u**) + G* (u* 2 ,v* ,v**) <r} = 

{(u*,A*v*,A**u** + v**,r) : f*{u* ,u**) + g*(v* ,v**) < r}, 

which means that the statement in ([3]) is nothing else than (i). 
On the other hand, for all (x*,x**) E X* x X** it holds 

(Fo M + GoN)*(x*,x*,A**x**) = 

sup {(( x * , x* , A** x** ) , (u, w , v* )) — (Fo M)(u, w, v*) — (G o N)(u, w, v*)} — 

(u,w,v*)eXxXxY* 

sup {((x*,x**),(u + w,A*v*)) - f(u,A*v*)-g(Aw,v*)} = 

(u,w,v*)EXxXxY* 

sup < {(x*,x**), (s, s*)) — inf s *) + 9(Aw, v*) : u + w — s, A*v* — s*} > = 

( s ,s*)exxx* { ( u ,w,v*)exxXxY* J 

(fOf 9)*(x*,x**) 

and 

min {F*(ul,w* ,u**) + G* (u* 2 ,v* ,v**) : M*(u',w',u*') + N" (u* 2 ,v',v*') = (x* , x* , A**x**)} = 

(uj.ra* ,u**)£X* XX* XX** 

(u;,ii*,ii**)ex*xy*xy** 

min {f*(u*,u*)+g*(v*,v**) : M*(u, 0, u**) + N*(0, v* , v**) = (x* , x* , A** x**)} = 

(u*,o,u**)ex*xx*xx** 
(Q,v* ,v")£X* xY* xY" 

min {f*(x* 7 u**) + g* (v* , A**w**) : A*v* = a;*, u** + w** = x**} = 

(»**,io",ii , )6X"xX**xy* 

(/* 2 V)(zV**), 

which means that the the statement in ([6]) says actually that (fOfg)*(x*,x**) — (f* 2 g*)(x* , x**) and /* Q) 2 g* 
is exact for every (x*,x**) E X* x X** . This leads to the desired conclusion, 
(b) The assertion is a direct consequence of Theorem 12.1( b), as, obviously, 

(0,0,0,0,0,0) € ic (domF x domG — (M x N)(A X xXx y- )) & 
(0,0,0,0,0,0) E ic (X x X x X x (doing x pr x „ (dom /) - 1mA x A$l)) <S> 
(0,0,0) E ic (doing x pr x ,(dom/) -ImAx Ay*^. 

□ 

Remark 2.4. In the hypotheses of Theorem 12.21 and by keeping the notations used in its proof, according to 
Remark l2.11 we have 

ic (domF x domG - (M x N)(A X xXxy* )) = ri(domF x domG - (M x N)(A X xXxY* )) , 
which is equivalent to 

10 (domg x pr x »(dom/) — ImA x Ay„^ = ri (domg x pr x ,(dom/) — ImA x Ay„^ . 

In reflexive Banach spaces the equivalence in Theorem 12. 2f a) gives rise to the following result. 

Corollary 2.1. Let X and Y be reflexive Banach spaces and f : X x X* — > R and g : Y x Y* — > R proper, 
convex and lower semicontinuous functions such that pr x „(dom/) n ^4*(pr y « (dom g)) ^ 0. Then the following 
statements are equivalent: 

(i) the set {(u* , A*v* , Au + v,r) : r E R, f*(u* ,u) + g*(v*,v) < r} is closed regarding Ax* x ImA X R in 
(X*. ||. ||0 x(X*,||. ||.) x(y, 11-11) xR; 

(H) ifOi 9)*{x*,x) = (/* Of g*)(x*,x) andf*0$g* is exact for every (x*, x) E X* x X. 
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3 The maximal monotonicity of Gossez type (D) of S\ \aT 

In what follows we assume that X and Y are real nonzero Banach spaces, that S : X =$ X* and T : Y =4 Y* 
are two monotone operators and that A : X — > Y is a linear continuous mapping. For S : X** =4 X* and 
T : Y** Y* , Gossez's monotone closures of S and T, respectively, we consider their extended generalized parallel 
sum defined via A, which is the multivalued operator defined as 

S\\ A T : X X*,S\\ A T(x) := (S' 1 + (A*TA**)^ l )^ 1 (x) Vx € X. 

The following result proposes two sufficient conditions ensuring the maximal monotonicity of Gossez type (D) 
of S'HytT, provided that both operators are maximal monotone of Gossez type (D), and it will give rise to a 
characterization of the maximal monotonicity of the generalized parallel sum of S and T defined via A, 

S\\ A T :X=tX*, S\\ A T(x) := (S^ 1 + {A* T A)- 1 )- 1 {x) Vx e X. 

Theorem 3.1. Let S : X =4 X* and T : Y =4 Y* be two maximal monotone operators of Gossez type (D) with 
strong representative functions hs and hx, respectively, and A : X — > Y a linear continuous mapping such that 
dom/i-r x pr x , (dom hs) H ImA x Ay» 7^ 0. Assume that one of the following conditions is fulfilled: 

(a) (0,0,0) e ic (dom/i T x pr x » (dom h s ) - ImA x A^*»); 

(b) the set {(u*, A*v*, A**u** +v*'\ r) : r G E, h* s (u*, u**) + h* T {v* , v**) < r} is closed regarding A x * xlmA** xR 
in (X*,w*) x (X*,w*) x (Y**,w*) x E. 

Then the function h : X x X* — > E, h(x, x*) = cl||.|| x (hs 0£ hr)(x, x*), is a strong representative function of 
S\\ A T and the extended generalized parallel sum S\\ A T is a maximal monotone operator of Gossez type (D). 

Proof. Obviously, h : X x X* — > E is convex and (strong) lower semicontinuous and, due to the feasibility 
condition dom hr x ~pi x * (dom hs) (1 Im ^4 x Ay» 7^ 0, /i is not identical to +00. Since one of the conditions (a) and 
(b) is fulfilled, then one has, via Theorem^ that h*(x*,x**) = (h s Of h T )*(x*, x**) = (h* s O2 h* T )(x* ,x* *) and 
h* s 0£ hr i s exact for every (x* , x**) <E X* x X** . 
Take an arbitrary (x,x*) G X x X*. Then wc have 

(h s Or h T )(x,x*) = ini{hs(u,x*) + h T (Aw,v*) : u, w G X,v* eY*,u + w = x, A*v* = x*} 

> inf { (a;* , u) + (x* ,w) : u, w G X , u + w = x} = (x* , a;) . 

Hence, h(x,x*) = c1||.|| x ||-||»(/js Oi hx)(x,x*) > (x* ,x), which implies that h > c, concomitantly ensuring that h 
is proper. 

Take an arbitrary (x*,x**) G X* x X** . Then we have 

h*(x*,x**) = (h* s O2 h* T )(x*,x**) 

= mf {h s (x ,U ) + h T (v , A w ) : u ,w G X ,v G r , u + w — x , A v = x \ 
> mf {(it , a; ) + (id ,x):u ,w G a , u + w = a; } = (a; , a; ). 
Thus, according to Theorem 11.21 and Theorem 1 1.31 the operator with the graph 

{(x,x*) G X x X* : h(x,x*) = (x*,x)} 

is maximal monotone of Gossez type (D) and one has 

{(x,X*) G X x X* : h(x,x*) = (x*,x)} = {(x,x*) G X x X* : h*(x*,x) = (x*,x)}. 

In order to conclude the proof, we show that 

G(S\\ A T) = {(x,x*) G X x X* : h*(x*,x) = (x*,x)} 

and this will mean that h is a strong representative function of SH^T. 

Let (x,x*) G G(S\\ A T). Then x G S'\x*) + (A*TA**)~ 1 (x*), hence there exists u**_e S~\x*) and w** G 
(A*TA**)- 1 (x*) such that x = u** + w**. Thus (u**,x*) G G(S) and, as x* G A*TA**(w**), there exists 
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v* G T{A**w**) such that A*v* = x* . Consequently, h* s (x*,u**) = (u**,x*) and h* T (v* , A**w**) = (A**w**,v*) 
and, so, 

h*{x*,x) = (h* s O$ h' T ){x',x) < h* s (x* ,«**) + h* T (v* , A**w**) = (u**,x*) + (w**,x*) = (x*,x). 

On the other hand, as shown above, h* (x* , x) > (a;* , x) for all (x, x* ) G X x X* , hence ft.* (x* , x) = (x* , x) , implying 
that G(S\\ A T) C {(x,x*) G X x X* : h{x,x*) = (x*,x)}. 

Conversely, let be (x, x*) £ X x X* such that h* (x*, x) = (x* , x). Using that h* s Q>2 h T * s exac t at (x* , x), there 
exists (u**,w**,v*) G X** x X** x F* such that m** + w** = x,A*v* = x* and (x*,x) = h(x,x*) = h* s (x*,u**) + 
h* T {v\A**w**). Since, on the other hand, h* s (x*,u**) + h* T {v* , A**w**) > (u**,x*) + (A**w**,v*) = (x*,x), it 
follows that h* s (x*,u**) = (u**,x*) and h* T {v* , A**w**) = (A**w**,v*). 

But h* s and h* T are representative functions of S and T , respectively, which means that (u**,x*) G G(S) 

and (A**w**,v*) G G(T). We have w** G £ -1 (x*) and, since w** ^x - U**, we obtain v* G TA**(x - u**), 
hence x* = A*TJ* G A*TA**(x - u**) or, equivalently, x-u** G (A*TA**)- 1 (x*). Thus x = vF + (x - u**) G 
+ (A*TA**)3_ 1 )(x*) and so (x,x*) € G(S|| A T). 
Hence, G(S\\aT) = {(x,x*) G X x X* : h*(x*,x) = (x*,x)} and this concludes the proof. □ 

Under the additional assumption that the domain of Gossez's closure of S is a subset of X, the conditions (a) and 
(b) of the previous theorem become sufficient for the maximal monotonicity of Gossez type (D) of the generalized 
parallel sum S^I^T. One can notice that D(S) C X is particulary fulfilled when X is a reflexive Banach space. 

Theorem 3.2. Let S : X =4 X* and T : Y =4 Y* be two maximal monotone operators of Gossez type (D) with 
strong representative junctions h$ and hx, respectively, and A : X — > Y a linear continuous mapping such that 
dom /it x P^x* (dom hs) Him A x Ay, ^0 and D(S) C X . Assume that one of the following conditions is fulfilled: 

(a) (0,0,0) G ic (dom/i T x pr x *(domh s ) - 1mA x Af,); 

(b) the set {(u* , A*v* , A**u** +v** ,r) : r G R,/i£(u%u**) + /i T (?;*,?;**) < r} is closed regarding A x * xlm^'xt 
m (X*,w*) x x (F**,u)*) x R. 

TTien i/ie function h : X x X* — > R, /i(x, x*) = cl||.|| x \\.\\ t (hs Oi 1 hx){x, x*), is a strong representative function of 
S\\aT and the generalized parallel sum S\\aT is a maximal monotone operator of Gossez type (D). 

Proof. We need only to show that S\\ A T = S\\ A T, whenever D{S) C X. Indeed, (x, x*) G G(S\\ A T) if and only if 
there exist u** G ~S (x*) C X and w** G (A*TA**) _1 (x*) such that x = u** + w** . This is further equivalent to 
the existence of u** and w** in X such that (u**,x*) G G(S), x* G A*TA** (w**) = A*T(Au;**) = A*T(Aw**) and 
x = u** + w**. But this is the same with x G S -1 (a;*) + (ATA) -1 (a;*) or, equivalently, (x,x*) G G(S\\ A T). □ 

Remark 3.1. Concerning the two sufficient conditions for maximal monotonicity considered in Theorem 13.11 and 
Theorem 13.21 one can notice, according to Theorem 12.21 that condition (b) is fulfilled whenever condition (a) is 
fulfilled. In the last section of the paper we provide a situation where the latter fails, while condition (b) is valid 
(see Example 14. ip . 

In the last part of this section we turn our attention to the formulation of further interiority-type regularity 
conditions for the maximal monotonicity of Gossez type (D) of the generalized parallel sums SH^T, respectively, 
S'HaT', this time expressed by means of the graph of T and of the range of S. We start with the following result. 

Theorem 3.3. Let S : X =4 X* and T : Y =4 Y* be two maximal monotone operators of Gossez type (D) with 
strong representative functions hs and hx, respectively, and A : X — > Y a linear continuous mapping such that 
dom hr x pr x » (dom hs) fllmix Ay» ^ 0. Then it holds: 

ic (G(T) x R(S) - ImA x Af^ C ic (coG(T) x co R(S) - 1mA x A$V\ C 

1C fdom/iT x pr x » (dom hs) — Im A x Ay*^j = ri (domhx x pr x , (domftg) — ImA x Ay*^J ■ 

Proof. Let us denote by C := dom /it x pr x ,(dom/is) - ImA x A Y l and by D := G(T) x R(S) - 1mA x AyC. 
Then coD = co G(T) x co R(S) — 1mA x Ay, and, obviously, 1C D C lc (coI?). On the other hand, as pointed out 
in Remark 12.41 we have 1C C = riC. Thus, it remains to show that lc (coD) C 1C C. 
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Since, col? C C, one has aff(coZ3) = aff D C aff C . Thus, in order to prove that lc (coD) C 1C C, it is enough to 
show that that aff C C cl(aff-D). The proof will rely on [3TJ Lemma 20.4(b)] (for another result, where this lemma 
found application we refer to [35] )• What we will actually prove, is that 

dom^T x prx*(domv?s) C cl(aff D), (7) 

where tpg and ipx denote the Fitzpatrick functions of the operators S and T, respectively. If (J7J is true, then one 
gets 

C C dom ipx x Wx' (dom tps) — Im A x Ay* c ci Led- ho. a x AfA = c\(&sd), 

which leads to the desired conclusion. 

In order to show Q, we assume without loss of generality that (0, 0) G G(S) and (0, 0) G G(T). Suppose that 
there exists (v,v*,u*) G doxoifT X pr x , (donup s) such that (u, «*,«*) ^ cl(affD). Then, according to a strong 
separation theorem, there exist 5 £R and (q* ,q** ,p**) <EY* x Y** x X** such that 

((q*,q**,p**), («,«*, u*)) > <5 >sup{(( g *, g **,p**),(y,y*,x*)) : (y,y*,x*) G cl(affD)}. 

As £ D, affD is a linear subspace. Thus ((q* ,q** ,p**), (y,y* ,x*)) = for all (y,y*,x*) G aS D and, 
consequently, 5 > 0. In other words, 

((g*,g**,P**),(y- Aw,y* - v*,x* - A*v*)) = V(y, y*) e G(T) Vx* e V« e I Vi;* g F*. (8) 

By taking (y,y*,x*) := (0,0,0) G G(T) x i?(S*), we obtain 

9** = — 

and from here it results that 

(q*,Au) = (A*q*,u) ^OVael, 

which means that A*q* = 0. Hence, 

(q**,q*) = (-A**p**,q*) = {-p**,A*q*) =0. 
On the other hand, from dHJ, we have ((q* , q** ,p**), (y, y*,x*)) =0 for all (y,y*) G G(T) and all x* G R(S), hence 

((^O,(»>»')>=0V(i/ l y , )eG(T) 

and 

(p**,a;*) = Vx* G fl(S). 

Take now an arbitrary (y**,y*) G G(T). Then there exists {y a ,yo)a£3 G G(T) such that (y a )ae3 converges to 
y** in the weak* topology of Y** and (y^aea converges to y* in the strong topology of Y*. Since (y a , y* ) G G(T), 
we have ((<?*,<?**), (j/at,J/£)) = for every a G 3, hence ((q*,q**), (y**,y*)) = 0. Consequently, 

((gW*),(y",y*))=0V(y",y*)GG(T) 

and one can prove in a similar way that 

(p**,x*) =0Vx* eR(S). 
From here, according to [31] Lemma 20.4(b)], one has (as (q**,q*) = 0) 

<(<?* , 9**), (lT,V*)) = V(y", y*) G dom ^ 

and (as, obviously, (p**,0) = 0) 

((0,p**),(x**,x*)) = V(x*,x**) G dom^. 
But (v,v*,u*) G domi^T X Wx* (dom (^5) and, as y^glxxx* = </?s an d ^lyxy* = Wt, it follows that 

((q*,q**,p**),(v,V*,u*))=0, 
which is a contradiction to 6 > 0. Consequently, is valid and, so, IC (coD) C 1C (C). □ 
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The above theorem gives rise to two supplementary interiority-type regularity conditions for the maximal 
monotonicity of SH^T. 

Corollary 3.1. Let S : X X* and T : Y Y* be two maximal monotone operators of Gossez type (D) with 
strong representative functions hs and hr, respectively, and A : X — > Y a linear continuous mapping such that 
domh T x pv x , (dom hs) H ImA x Ayl ^ 0. If 

(0, 0, 0) G ic (G{T) x R(S) — ImA x A y l ) 

or 

(0,0,0) G ic (co G(T) x co R(S) -ImA x a£), 
then the extended generalized parallel sum S\\aT is a maximal monotone operator of Gossez type (D). 

As follows from the following result, under the supplementary assumption that D(S) C X, the inclusion relations 
in Theorem 13.31 become equalities. 

Theorem 3.4. Let S : X =4 X* and T : Y =4 Y* be two maximal monotone operators of Gossez type (D) with 
strong representative functions hs and hx, respectively, and A : X — > Y a linear continuous mapping such that 
domh T x pr x ,(domh s ) n ImA x A y * ^ and D(S) C X. Then it holds: 

ic (G(T) x R(S) — ImAx A y *,) = ri (g(T) x R(S) -ImAx A y *,) = 

ic (co G(T) x co R(S) - Im A x a£ ) = ri (co G(T) x co R(S) - Im A x Af, ) = 

10 (dom/iT x pr x ,(domhs) — ImA x A y ,^ = ri (dom/iy x pr x , (dom/is) — ImA x A y „^ . 

Proof. By keeping the notations introduced in the proof of Theorem 13.31 let us prove first that 1C C C D. Take an 
arbitrary (v,v*,u*) G 1C C, hence (0,0,0) e 1C (C— («,«*,«*)). Consider the functions 

f : X x X* — ► K, /(x, a;*) = ft-s(2 ; , a ; * + M *) — ( u * 

and 

§ : y x F* —j. K, = h T { V + v, y* + v*) - ({v*,y) + (y*,v) + (v*,v)) 

and the operators S : X =4 X* defined by G(S) = {(x, x*) £ X x X* : f(x,x*) = (x*, a;)} and f : F =1 F* 
defined by G(T) = {(y,y*) e Y x Y* : g(y,y*) = (y*,y)}- It can be easily observed, that G(S) = G(S) - (0,u*) 
and G(T) = G(T) — (v,v*). Consequently, S and T are maximal monotone operators of Gossez type (D) and /, 
respectively, g are strong representative functions for them. Since D(S) C X, the domain of Gossez's closure of S 
is a subset of X, too. Hence, according to Theorem 13.21 the condition 

(0,0,0) G ic (C- (v,v*,u*)) = ic (dom.g x pr x , (dom /) - Im A x A y ») 

ensures the maximal monotonicity of SHyiT. Hence, G(S\\aT) ^ 0, thus there exists x* G (S -1 + (A*TA)~ 1 )~ 1 (x) 
for some x G X. This means that there exist u, w G X such that (u,x*) G G(5) and (u;,x*) G G(A*TA) and 
u + w = x. As G{S) = G(S) - (0, u*), we have 

(0,«*) G G(S) - (u,x*). 

On the other hand, as x* G A*TA(w), there exists t/* G Y* , such that y* G T(Aw) and x* = Thus, for 

y := Aw, we have (y,y*) G G(T) = G(T) - hence 

(v,v*)eG(T)-(y,y*). 

In conclusion, (w,w*,u*) G G(T) x i?(5) - ImA x A y * t = D and, so, ic G C D. 

If ic (7 = riG is empty, then by Theorem GO] it holds ic D = ic (coD) = ic G = riG = 0. Consequently, 
riD = ri(co£») = 0. 

Assume now that 1C G is nonempty. Since IC G C D C coD C G, one gets that IC D = IC (coD) = 1C G = riG. 
Moreover, it holds aff( lc G) = aff G and, as riG = IC G C D C co_D C G, we have aff G = aff D, these sets being 
closed. Thus riG = ri_D = ri(coD) and this provides the desired conclusion. □ 
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We close the section by the following characterization of the maximal monotonicity of Gossez type (D) of S\ \aT, 
which follows from Theorem 13.21 and Theorem 13.41 

Corollary 3.2. Let S : X =4 X* and T : Y Y* be two maximal monotone operators of Gossez type (D) with 
strong representative functions h$ and hx, respectively, and A : X — > Y a linear continuous mapping such that 
dom/iT x pr x ,(dom hs) H ImA x Ay, ^ and D(S) C X . Then one has the following sequence of equivalencies 

(0, 0, 0) G ic (g(T) x R(S) -ha Ax Af, ) & (0, 0, 0) G ri (g(T) x R(S) - ImA x Af, ) ^> 

(0, 0, 0) G ic (co G(T) x co R(S) -1m Ax Af, ) (0, 0, 0) G ri (co G(T) x co R(S) - 1mA x Af ) & 

(0,0,0) G ic (domh T x pr x ,(dom/i s ) - ImA x AyVj (0,0,0) G ri (domh T x pr x ,(dom/i s ) - ImA x Ayl) 

and eac/i of these conditions guarantees that the generalized parallel sum S\\aT is a maximal monotone operator 
of Gossez type (D). 

4 Particular cases 

In this section we will consider two particular instances of the generalized parallel sum defined via a linear continuous 
mapping and show what the results provided in Section 3 become in these special settings. 

4.1 The maximal monotonicity of Gossez type (D) of S\\T 

Assume that X is a real nonzero Banach space and S : X X* and T : X =4 X* are two monotone operators. 
By taking A — idx ■ X — > X, their extended generalized parallel sum defined via A and their generalized parallel 
sum defined via A become the extended parallel sum of S and T 

S\\T:X =4 X*,S\\T(x) := (S^ +T~ 1 )- 1 (x) Vx G X 
and the classical parallel sum of S and T, 

S\\T : X =4 X*, S\\T(x) := (S^ 1 + T^ 1 )^ 1 (x) Vx G X, 

respectively. 

Having hs ■ X x X* — > R and hx ■ X x X* — > R representative functions of 5 and T, respectively, the 
extended infimal convolutions of them, namely hs Of Ht and h* s h T , turn out to be the following classical 
bivariate infimal convolutions (see, for instance, [5,31,35,37]) 

hsDih T ilxl*-)!, (hs\2 1 h T )(x, x*) = mf{h s {u, x*) + h T (w, x*) : u,w G X,u + w = x} 

and 

h* s U 2 h* T : X* x X** -> R, (h* s U 2 h* T ){x\x**) = mf{h* s (x*, u**) + h* T {x* , w**) : u**,w** G X**,u** + w** = x**}, 
respectively. 

Theorem 4.1. Let S : X X* and T : X X* be two maximal monotone operators of Gossez type (D) with 
strong representative functions hs and hx, respectively, such that pr x „ (dom /ig) D pr x » (dom hr) and assume 
that one of the following conditions is fulfilled: 

(a) € lc (pr x , (dom hs) — pr x * (dom Ht)); 

(b) the set {(u*,v*,u** +v**,r) : r G R,h* s (u* ,u**) + h* T {v* ,v**) < r} is closed regarding A x * x X** x R in 
(X*,w*)x(X*,w*)x(X**,w*)xR. 

Then the following statements are true: 

(i) The function h : X x X* — > R, h(x,x*) = cl\\.\\ x (hsOihr)(x, x*), is a strong representative function of 
S\\T and the extended parallel sum S\\T is a maximal monotone operator of Gossez type (D). 
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(ii) IfD(S) C X (or, if D(T) C XJ, i/iera thefunctionh : XxX* — > R, /i(x,:r*) = c1||.|| x ||.||,(/isDi/it)(z,:e*)> «s 
a strong representative function of S\\T and the parallel sum S\\T is a maximal monotone operator of Gossez 
type (D). 

Proof. The result follows directly Theorem 13.31 and Theorem 13.41 by noticing that the interiority-type condition in 
these two statements becomes 

(0,0,0) € IC (dom/i T x pr x „(dom/is) - X x A x *) = X x lc (pr x , (dom/ig) x pr x „(dom /is) - Ax*) 

or, equivalent ly, 

(0,0) £ ic (pr x ,(dom hs) x pr x ,(dom/i S ) - A*.). 
According to Lemma ITTTT the latter relation is equivalent to 

€ lc (pr x , (dom /is) — pr x * (dom hx))- 

□ 

The next result follows from Theorem 13.31 and Theorem 14. lf i). 

Theorem 4.2. Let S : X =4 A* and T : X =4 A* &e /wo maximal monotone operators of Gossez type (D) with 
strong representative functions hs and hx, respectively, such that pr x , (dom hs) l~l pr^, (dom /it) 7^ 0. 

faj XTien i/ holds: 

ic (i?(5) - fl(T)) C ic (co R(S) - co R(T)) C 
lc (pr x * (dom /is) — pr^» (dom /it)) = r i(p r x* (dom hs) — pr x , (dom /it))- 

e ic (R(S) - R{T)) 

or 

0e ic (co R(S) — co R(T)), 
then the extended parallel sum S\\T is a maximal monotone operator of Gossez type (D). 

Proof. As (b) is a direct consequence of Theorem 14. If i) and statement (a), we will turn our attention to the proof 
of the latter. Concerning it, one can easily notice that the inclusion 

ic (R(S) - R(T)) C ic (co R(S) - co R(T)) 

follows directly from the definition of the intrinsic relative algebraic interior, while the equality 

lc (pr x , (dom hs) — pr x , (dom /it)) = ri(pr_y . (dom hs) — p? x * (dom /it)) 

is a direct consequence of |40[ Theorem 2.7.2], applied to the proper, convex and lower semicontinuous function 

$ : X x X x X* x X* -^R,$(x,u,x*,u*) = h s (x,x* +u*) + h T (u,x*), 

by taking into account that (we consider the projection on the fourth component of the product space X x X x 
X*xX*) 

pr x » (dom $) = pr x , (dom hs) — pr x * (dom /it). 
What it remained to be shown, namely that 

ic (coR(S) - co R{T)) C ic (pr x „ (dom h s ) - pr x . (dom h T )), 

follows according to Lemma 1 1.1 1 and Theorem 13.31 Indeed, when u* <G 10 (co R(S) — co R(T)) or, equivalently, 
e ic (co R(S) - u* - co i?(T)), one has that 

(u*,0) £ ic (coR(T) x coR(S) - A x ,) C ic (pr x „ (dom/i T ) x pr x ,(dom/i s ) - A x .) 
and from here, again via Lemma ll.l[ it follows u* € lc (pr x , (dom hs) — P*x* (dom /it))- D 
Theorem 13.41 and Theorem 14. 1 T ii) give rise to the following result. 
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Theorem 4.3. Let S : X =4 X* and T : X =4 X* &e iwo maximal monotone operators of Gossez type (D) with 
strong representative functions hs andhx, respectively, such that pr x * (dom hs)r\pv x » (dom hx) ^ and D(S) C X 
f»r,fl(f)CIj. 

(a) Then it holds: 

ic - fl(T)) = ri(ii(S) - R{T)) = ic (coi?(5) - co R(T)) = ri(coi?(5) - coE(T)) = 

lc (pr_x-, (dom /ig) — pr x » (dom /it)) = ri(pi"x* (dom /ig) — pr x „ (dom /it))- 
One has the following sequence of equivalencies 

G ic (R(S) - R(T)) & G ri (R(S) - R(T)) O0e ic (co R(S) - co R(T)) & 

G ri (co i?(5) - co R(T)) «0e IC (pr x . (dom /i s ) - pr x „ (dom/i T )) o0£ ri(pr x „ (dom %)-pr x , (dom h T )) 

and each of these conditions guarantees that the parallel sum S\\T is a maximal monotone operator of Gossez 
type (D). 

Proof. We will only prove statement (a) , as (b) is a direct consequence of it and Theorem I4.1f ii) . 
For an arbitrary u* £ lc (pr x » (dom hs) — Wx* (dorahr)) one has, via Lemma ll.ll that 

(u*,Q) G lc (pr x ,(dom/i T ) x pr x ,(domh s ) ~ A x *). 

Further, by TheoremOOflit follows (u* , 0) G (R(T) x R{S) - A x *), implying that u* G R(S) - R(T). Consequently, 

ic (pr x ,(dom/i 5 ) - pr x , (dom h T )) C R(S) - R(T). 

If lc (ov x , (dom hs) — pr x . (dom /it)) is empty, then there is nothing to be proved. Otherwise, the conclusion follows, 
by using that 

ic (pr x , (dom h s ) - pr x * (dom h T )) C R(S) - R{T) C co R(S) - co R(T) C pr x , (dom /i s ) - pr x , (dom /i T ) 
and aff( lc (pr x , (dom hs) — Wx* (dom /it))) = aff (pr^. (dom hs) — pr x * (dom /it))- d 

Remark 4.1. In the setting of reflexive Banach spaces several interority-type regularity conditions ensuring the 
maximal monotonicity of the parallel sum S\\T of two maximal monotone operators S and T have been introduced 
in the literature. While in [1] the condition 

int(R(S)) n R(T) ^ 
was considered, in [28] it has been assumed that 

cone(i?(S) - R(T)) = X* . 
Further, in a Hilbert space context, in [3T] the condition 

cone(i?(5) — R(T j) is a closed linear subspace of X* 
has been stated, while in [315], in reflexive Banach spaces, the condition 

cone(co R(S) — co R(T)) is a closed linear subspace of X* 

was proposed. 

Taking into account that an operator T : X =4 X* is maximal monotone if and only if T _1 : X* =4 X is maximal 
monotone and that D(T~ r ) = R(T), one can easily observe that all these interiority-type regularity conditions 
ensuring that S\\T is maximal monotone, provided S and T are maximal monotone, are the counterpart of some 
meanwhile classical ones stated for the maximal monotonicity of the sum +T _1 (see, for instance, [2"Tll31ll3"5] ) 
and can be easily derived from them. 

For interiority-type regularity conditions guaranteeing the maximal monotonicity of Gossez type (D) of the 
parallel sum and the extended parallel sum of two maximal monotone operators of Gossez type (D) in general 
Banach spaces we refer to [33]. These results have been obtained as particular instances of some corresponding 
ones formulated for the generalized parallel sum defined via a linear continuous mapping S\\ T. 
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Example 4.1. With this example we want to emphasize that there exist maximal monotone operators with a 
maximal monotone parallel sum and for which the interiority-type regularity condition (a) in Theorem 14. II is not 
fulfilled, while the closedness-type condition (b) in Theorem 14.11 holds . 

Consider the proper, sublinear and lower semicontinuous functions f,g : R 2 — > R, f(x\,x 2 ) = || (xi, ^2 ) || 2 + 
(5 R 2_(a;i, X2), where || • H2 denotes the Euclidean norm on R 2 , and g(x±, x 2 ) = ^/i/2x\ + 1/2x2 + <5-»2 (xi, X2). Then 
the multivalued operators S := df and T := dg are maximal monotone and their only representative functions are 
hs((xi,x 2 ), {xl,x* 2 )) = f{x x ,x 2 ) + f*{x\,x* 2 ) and h T ((xi,x 2 ), {%*,x 2 )) = g(x u x 2 ) + g*(x\,xQ, respectively. One 
can easily verify that /* = <5 c ib b3 — K 2 1 where B K 2 denotes the open unit ball of R 2 , and g* — ^[^3/2 +00) x [1/2 +00) ■ 

Obviously, 

pr R2 (dom/i s ) npr R2 (dom/i T ) = (clB S 2 -R 2 + )n [V3/2,+oo) x [1/2, +00) ^0, 

where the projection is taken onto the second component of the product space R 2 x R 2 . 
We also have 

{(u*,v*,u** + v**,r) e R 2 x R 2 x R 2 x R : h* s (u* , u**) + h* T (v* , v**) < r} = 

(clB R 2 -M 2 + ) x [^3/2, +00) x [1/2, +00) x {(an + y u x 2 + y 2 ,r) G R 2 x R : \\( Xll x 2 )\\ 2 + Vs/2 yi + l/2y 2 < r}, 

which is obviously a closed set. Hence, condition (b) in Theorem 14. II is fulfilled and S\\T is maximal monotone. 

On the other hand, one can notice that condition (a) in Theorem 14 . 1 1 fails . Otherwise, one would have according 
to Theorem EDM that 

(0, 0) e ri(pr R2 (dom h s ) ~ pr R2 (dom h T )) 

or, equivalent ly, 

(B R 2 - mtR 2 + ) n (V3/2, +00) x (1/2, +00) ^ 0, 
which would lead to a contradiction. 



4.2 The maximal monotonicity of Gossez type (D) of A*TA 

For the second particular instance, we treat in this section, we stay in the same setting as in Section 3, but assume 
that S : X =4 X* is the multivalued operator with G(S) = {0} x X*, which is obviously maximal monotone of 
Gossez type (D). Its extension to the bidual, S : X** ^ X* , fulfills G(S) = {0} x X* , which means that the 
extended generalized parallel sum S'Ha? 1 and the generalized parallel sum S'HaT coincide (see also the proof of 
Theorem E2]) and fulfill __ _ 

S\\ A T(x) = S\\ A T(x) = A*TA{x) Vx e X. 

Since ips = ips = <5{o}x x*i by Proposition 1 1 . 1 1 it follows that the only representative function of S is hs = <5{o}x x*- 
Since h* s = <5x*x{o}i hs is actually a strong representative function of S. 

Having hx : Y x Y* — > R a representative function T, the extended infimal convolutions hs hr and 
h* s 2 h^ of hs and hx become in this situation 

h^-.XxX* -^W,h^{x,x*) = M{h T (Ax,v*) : v* G Y*,A*v* = x*} 

and 

h* T A : X* x X** ^%h* T A {x*,x**) = mi{h* T (v*,A**x**) : v* G Y*,A*v* = x*}, 

respectively. 

Noticing that domh T x pr x ,(domh s ) -Imix Ayl = (pr y (domft, T ) — 1mA) x Y* x X* , Theorem 13.21 gives 
rise to the following result. 

Theorem 4.4. Let T : Y =t Y* be a maximal monotone operators of Gossez type (D) with strong representative 
function hx and A : X — > Y a linear continuous mapping such that pr y (dom hx) H IvctA ^ 0. Assume that one 
of the following conditions is fulfilled: 

(a) € ic (pr y (dom h T ) - 1mA); 

(b) the set{(A*v*, v**,r) : r G R, h T (v*,v**) < r} is closed regarding X* xlm A** xR in (X* , w*) x (Y** , w*) xR. 

Then the function h : X x X* — > R, h(x,x*) = c l|| ||x||-||, h^(x,x*), is a strong representative function of A*TA 
and A*TA is a maximal monotone operator of Gossez type (D). 
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Since G(T) x R(S) — lmAx A£ = (D(T) — ImA)xY*xX*, via Theorem S3] and Corollary O we obtain 
the following statement. 

Theorem 4.5. Let T : Y Y* be a maximal monotone operators of Gossez type (D) with strong representative 
function hx and A : X — > Y a linear continuous mapping such that pry(dom/z/r) H Im^ ^ 0. 

(a) Then it holds: 

ic {D(T)-lmA) =ri(D(T)-ImA) = ic (coZ>(T) - Imi) = ri (coD(T) - ImA) = 

lc (pr y (dom/z/r) — ImA) = ri(pr y (dom /it) — Im4). 

f&j One /ias i/ie following sequence of equivalencies 

e ic (L»(T) - Inii4)o0e ri (£>(T) -Imi)^0e ic (co D(T) - Im A) O 

€ ri (co D (T) - Im A) G ic (pr y (dom /i T ) - Im A) e ri(pr y (dom h T )-lm.A) 
and each of these conditions guarantees that A*TA is a maximal monotone operator of Gossez type (D). 

Remark 4.2. Using as a starting point Theorem 14.41 and Theorem 14.51 and by employing the techniques used 
in |12j , one can further provide inferiority- and closedness-type regularity conditions for the maximal monotonicity 
of Gossez type (D) of the sum of two maximal monotone operators of Gossez type (D), but also for the sum of a 
maximal monotone operator of Gossez type (D) with the composition of another maximal monotone operator of 
Gossez type (D) with a linear continuous mapping (for the latter one will thereby rediscover the statements given 
in [33 Theorem 16]). 

Acknowledgements. The authors are thankful to E.R. Csetnek for pertinent comments and suggestions on an 
earlier draft of the article. 
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